This paper evaluates the performance of downlink information transmission in three-dimensional (3D) unmanned aerial vehicle (UAV) networks, where multi-tier UAVs of different types and flying altitudes employ directional antennas for communication with ground user equipments (UEs). We introduce a novel tractable antenna gain model, which is a nonlinear function of the elevation angle and the directivity factor, for directional antenna-based UAV communication. Since the transmission range of a UAV is limited by its antenna gain and the receiving threshold of the UEs, only UAVs located in a finite region in each tier can successfully communicate with the UEs. The communication connectivity, association probability as well as coverage probability of the considered multi-tier UAV networks are derived for both line-of-sight (LoS) and non-line-of-sight (NLoS) propagation scenarios. Our analytical results unveil that, for UAV networks employing directional antennas, a necessary tradeoff between connectivity and coverage probability exists. Consequently, UAVs flying at low altitudes require a large elevation angle in order to successfully serve the ground UEs. Moreover, by employing directional antennas an optimal directivity factor exists for maximizing the coverage probability of the multi-tier UAV networks. Simulation results validate the analytical derivations and suggest the application of high-gain directional antennas to improve downlink transmission in the multi-tier UAV networks.
I. INTRODUCTION
Unmanned aerial vehicles (UAVs) have gained increasing interest in both academia [1] , [2] and industry [3] , [4] . By flying in the sky at moderate to high speeds, UAVs can provide flexible short-term services such as information collection over wireless, traffic surveillance, and disaster information dissemination to wherever demand occurs at a low cost [5] . An energy-efficient data collection method was proposed for UAV-aided networks in [6] , which can ensure fairness for ground sensors. For surveillance of multi-domain Internet-of-Things (IoT) devices, an approach based on linear integer programming was proposed in [7] to minimize the The associate editor coordinating the review of this manuscript and approving it for publication was Daniel Benevides Da Costa. maximum flying range of UAVs. In [8] , joint optimization of the trajectory and scheduling of UAVs was investigated for a UAV-assisted emergency network, where UAVs are deployed to re-establish communication between ground devices and surviving BSs in the aftermath of natural disasters. Exploiting the highly flexible and low-cost deployment of UAVs, several works have suggested employing UAVs as aerial base stations (ABSs) to serve ground user equipments (UEs) directly and offload traffic for terrestrial cellular networks. A novel threedimensional (3D) ABS deployment was investigated in [9] for maximizing the number of UEs within ABSs' coverage while fulfilling the quality-of-service (QoS) requirements of UEs. The performance of a two-tier network consisting of ABSs and terrestrial cellular base stations (BSs) was analyzed in [10] , where ABSs are deployed to offload cellular traffic in VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ hotspot areas. A distributed algorithm was further proposed to minimize the average distance between UAVs and UEs without degrading the communication between UAVs and cellular BSs [11] . The existing works [9] - [11] have considered omnidirectional antennas for UAV communication. However, as omni-directional antennas employ uniform antenna gains in all directions, the performance of UAV communication is severely limited due to excess interference from neighboring UAVs and terrestrial nodes, especially at high altitudes with abundant line-of-sight (LoS) propagation [4] . To tackle this issue, application of directional antennas for efficient UAV communications has recently gained tremendous attention due to the associated advantages of enhanced signal transmission, interference mitigation, and payload deployment. In particular, different from omni-directional antennas, UAV with directional antenna generates highly directive beams with strengthened signal power in the main lobe and reduced power leakage in the side lobes. Consequently, directional antennas with high antenna gain can improve the communication distance and the data rate in the downlink transmission without increasing the power consumption of the UAVs. Moreover, due to the small footprint, the interference to other UAVs and the terrestrial cellular system is reduced by employing directional antenna. The resulting interference mitigation capability can significantly enhance the performance of UAV networks. Furthermore, due to the size, weight, and power (SWAP) constraints of UAVs, an onboard deployment of large-scale antenna array is usually difficult, whereas directional antennas with large antenna gain and flexible payload deployment provide a promising alternative for UAVs. Considering directional antennas in UAV networks, joint optimization of UAVs' flying altitude and antenna beamwidth was investigated in [12] for maximizing the throughput of downlink multicasting, downlink broadcasting, and uplink multiple access, respectively. A long-range broadband aerial communication system using directional antennas was proposed in [13] , where a Wi-Fi infrastructure established in the air is exploited for realtime communication. Directional antenna has also been combined with millimeter-wave technique, for high-resolution 3D localization in [14] , where multi-level beamforming with compressive sensing based channel estimation is usually employed [15] , [16] .
Motivated by its huge potential, this paper investigates the application of directional antenna in UAV networks with a focus on evaluating the network performance in the downlink. Different from terrestrial cellular networks, UAV network occupies a range of altitudes in the air and inherently has a 3D network topology. This is usually captured by a multi-tier network model for performance evaluation, where UAVs of a given tier keep flying at a certain altitude while communicating with the ground UEs. Considering a multi-tier UAV network deployed atop terrestrial heterogeneous networks (HetNets), a cell management framework was proposed in [17] to improve the communication coverage and retransmission time for UEs in congested networks. In [18] , the authors investigated the spectral efficiency of downlink multi-tier UAV networks and derived the optimal intensities and altitudes for UAVs in different tiers. Assuming omni-directional antennas, the association probability, successful transmission probability, and area spectral efficiency of multi-tier UAV networks were analyzed in [19] . Despite the fruitful development in the aforementioned works [17] - [19] , a comprehensive performance evaluation for multi-tier UAV wireless networks employing directional antennas is still lacking, which may be hindered by two potential challenges. In particular, in the existing literature, especially for millimeter-wave communication, the gain of directional antenna was usually modeled as a flat-top antenna pattern with the maximum antenna gain attained in the main lobe [20] . Although this model is suitable for receivers at fixed location and within short transmission distance, it is not applicable for UAV communication networks. This is becauce the UAV flying in the sky usually changes its position and hence, the angle of arrival (AoA) and angle of departure (AoD), which will impact the antenna gain. In this case, the antenna gain model should capture the complicated channel variations associated with UAV communications along its flying trajectory, including channel conditions both lineof-sight (LoS) and non-line-of-sight (NLoS) propagation. Therefore, a novel tractable antenna gain model should be introduced for UAV communication networks.
On the other hand, the battery-powered UAVs usually suffer from severely limited energy supply. To reduce energy consumption and prolong the lifetime, signal transmission at UAVs has to respect a maximum transmit power budget and, at the same time, ensure at least a minimum receiving power at the ground UEs required to activate the receiving circuits. Therefore, transmit power management at different flying heights is crucial for UAVs and has been extensively studied in the literature while assuming omni-directional antennas [21] - [23] . In [21] , optimal power control for UAVassisted networks serving underlaying D2D communication was investigated for minimizing the energy consumption and increasing the battery's service time. In space-air-ground three-tier HetNets, the hovering altitude and transmit power of UAVs were jointly optimized to reduce the cross-tier interference [22] . In [23] , joint trajectory and transmit power optimization was investigated for UAV communication to maximize the average secrecy rate between UAV and ground UEs. Due to the signal enhancement and interference mitigation enabled by directional antennas, which are further affected by the 3D mobility of UAVs, the impact of transmit power management on UAV communication, particularly at different flight heights, needs to be newly investigated but has not been reported in the literature.
To address both challenges, in this paper, we propose a framework for modeling the downlink of UAV networks where, different from [9] - [11] , [14] - [16] , [18] , UAVs are equipped with directional antennas. We assume that the ground UEs are associated with the serving UAV that provides the maximal receiving power while the UAVs in each tier employ the same transmit power for communication. The beam shaped by directional antenna has complicated impact on the user association in UAV networks. For example, UEs may prefer a UAV located far away as serving ABS if the UAV is transmitting to the UEs in the main lobe. Moreover, for ground UEs located in the main lobe, directional antennas deployed at UAVs will improve the connectivity probability as they can easily activate their circuits, i.e., satisfying the receiving signal threshold. In contrast, for UEs located out of the main lobe, their connectivity probability reduces. Therefore, by employing directional antennas, there exists an interesting tradeoff between connectivity and coverage of UAV networks, whereas such tradeoff is unavailable for wireless networks employing omni-directional antennas. In this paper, we present a detailed analysis of the coverage and connectivity for the downlink of K -tier UAV networks. The stochastic geometry, which has been widely used for analyzing cellular networks [24] , UAV networks [25] , and millimeter-wave communication [26] , is adopted in this paper to obtain closed-form results for performance evaluation. Our derivation results take into account the directivity of antenna elements, the receiving threshold, and the transmit output power. We note that, due to the impact of its antenna pattern, application of directional antenna leads to much more complicated performance analysis than in [9] - [11] , [14] - [16] , [18] . In [27] , directional antennas with flattop, sinc and cosine pattern functions are considered for millimeter-wave and cellular networks. However, the bounds for the achievable transmission rate are obtained by utilizing these approximate pattern functions, which fail to capture the directivity factor of directional antenna and its impact on the performance of wireless networks. In this paper, we adopt a novel tractable pattern function for directional antenna, which enables us to characterize the connectivity, association probability, and coverage probability of the considered UAV networks while capturing the impact of antenna directivity factor.
The contributions of this paper are as follows:
• We propose a tractable framework for modeling downlink transmission employing directional antennas in K -tier UAV networks. The associated probability distribution of communication distance between UEs and UAVs is analyzed taking into account the transmit output power, flying height, and directional antenna pattern of the UAVs. We find that a maximal transmission height of UAVs exists, independent of the directivity factor of directional antennas, within which UAVs can successfully connect the UEs.
• The probabilities of connecting the UAV network and associating with given tier of UAVs are both derived in closed form. We show that, with the adopting of directional antennas, ground UEs are prone to connect to UAVs flying at a large height.
• By investigating the coverage probability of downlink transmission in K -tier UAV networks, we show that UAV network equipped with directional antennas of large directivity factor can achieve much higher coverage probability than that with omni-directional antennas. The remainder of this paper is organized as follows. In Section II, the system model of the considered multi-tier UAV networks employing directional antenna is presented. The probability distribution of communication distance for ground UEs served by the considered UAV networks is derived in Section III, where the impact of transmit output power, receiving threshold, and directivity of antenna element is revealed. In Section IV, the connectivity and the association probabilities of the considered UAV networks are analyzed, based on which the total coverage probability is further derived in Section V for LoS and NLoS transmissions. The derived results are validated via Monte Carlo simulation in Section VI, where the impact of maximal transmission distance, density and height of UAVs, and directivity factor of directional antenna on the downlink system performance is revealed. Finally, Section VII concludes the paper. 
II. SYSTEM MODEL A. NETWORK MODEL
As shown in Fig. 1 , we consider downlink transmission in a 3D UAV network composing K tiers of ABSs. The ABSs in each tier are located at a given height but are randomly distributed horizontally. Let m i,k , h k be the 3D location of ABS i in tier k ∈ {1, · · · , K }, where h k is the height and m i,k denotes the horizontal coordinate. We assume that the horizontal locations of ABSs in tier k, denoted by k = m i,k ; i = 1, 2, 3 . . . , follow a homogeneous Poisson Point Process (PPP) with density λ k . The ABSs in tie k transmit signals with output power P k . The UEs are randomly distributed on the ground with a height assumed to be zero. The locations of the UEs are modeled by a homogeneous PPP with density λ u , denoted as u = {x i }, which is independent of k .
For a tractable analysis, we assume that the ABSs of each tier move only horizontally while providing wireless communications in the considered multi-tier UAV networks. Since the speed of UAVs is relatively low, the locations of the ABSs in the air are considered to be fixed during the transmission of a data packet, whereas the ABSs may fly horizontally to different locations for the transmission of multiple data packets. Hence, the spatial distributions of the ABSs under random horizontal movements can still be captured by the PPP model. We assume that the channel fading keeps constant within a time slot, as commonly adopted for performance analysis of UAV networks [28] , [29] .
The ground UEs are associated with the ABSs in a tier that provide the strongest average receiving power. In this paper, we aim to analyze the performance of the considered multitier UAV networks and would ignore the terrestrial BSs which do not exist in the considered area or otherwise may employ orthogonal radio resources as the ABSs. Moreover, we focus on analyzing a typical UE U 0 located at the origin O and the typical cell C 0 , where the ground UEs within C 0 , including the typical UE, are served by the same UAV. The derivation results of the typical UE can be extended to other UEs on the ground by applying the Palm theory [30] . We assume open access within the UAV network, whereby the ground UEs are allowed to access ABSs in all tiers to maximize the coverage probability. However, all downlink transmission within the UAV network occupy the same spectrum, whereby the UAVs in networks can interfere with each other while serving the ground UEs.
B. DIRECTIONAL ANTENNA
The ABSs are equipped with directional antennas for communication with the ground UEs. In general, the antenna gain of a directional antenna, denoted as G(ϕ, ψ), is a highly nonlinear function of the azimuth angle ϕ ∈ [−π, π] and the incidence angle ψ ∈ [0, π/2], which complicates the performance analysis. To simplify the derivations, in this paper, we consider conic directional antenna elements. The antenna gain of a conic antenna is given as G(ϕ, ψ) = A er cos m (ψ), where A er is the maximal gain of antenna element and m is the directivity factor dependent on the beam shape [31] .
The directivity D of antenna element is obtained from the following antenna equation [32] 
By substituting G(ϕ, ψ) into (1), the directivity of conic antenna is D = 2(m+1), which only depents on the directivity factor. The considered conic antenna gain model facilitates us to evaluate the impact of the shaped beam on the downlink performance of UAV networks. Fig. 2 shows the normalized power pattern G(ϕ, ψ)/A er for different m.
C. CHANNEL MODEL
The ABSs with a large elevation angle usually have a high likelihood of establishing LoS communication with the FIGURE 2. The normalized power pattern versus the incidence angle for different directivity factor m. ground UEs [33] . As shown in Fig. 3 , let θ be the elevation angle of the typical UAV in rad, which is the angle formed by the line from the UAV to the typical UE and the ground plane. In this paper, we assume that the ABSs always point the directional antennas toward the ground and, hence, we have θ = π/2 − ψ. According to [33] , the probability of establishing LoS communication from ABS at m i,k to the UE at O, denoted by P L (θ ), is given as
where a and b are constants capturing the statistical properties of the signal propagation environment. Consequently, the probability of NLoS communication is given by
Considering path loss and fading effect in the channel model, the receiving signal power at the typical UE is given as
where P k is the transmit power of the ABS located at m i,k and A er cos m π 2 − θ denotes the transmit antenna gain of the ABS with incidence angle ψ = π 2 − θ (Note that the receiving antenna gain of ground UEs is assumed to be 1 in (3)). Moreover, L m i,k , o = m i,k α models the path loss for signal propagation from m i,k to o, which is a function of the Euclidean distance between m i,k and o, m i,k , and the path loss exponent α. We distinguish the path loss exponents for LoS and NLoS propagation by α L and α N , respectively, where α L ≤ α N usually holds. Moreover, the channel fading for LoS and NLoS propagation, denoted by G k and H k , are modeled as Nakagami-m 0 and Rayleigh random variables, respectively. Consequently, G k ∼ Gamma (m 0 ) follows the Gamma distribution with scale parameter m 0 while H k ∼ exp (1) is exponentially distributed with unit mean power. For deriving the analytical results, the path loss exponent α L and α N are assumed to vary rarely across different tiers.
D. DOWNLINK SIGNAL TRANSMISSION
The ABSs should utilize large enough transmit output power to activate the receiver circuit at the UEs after combating the path loss and hence, the maximal allowable path loss between UAVs in tier k and the typical UE is given by L max,k = P k /ρ c , where ρ c is the receiving signal threshold of the UEs. UAVs will fail to communicate with the UEs when their distances exceed L max,k . This implies that only a portion of UAVs can successfully connect the typical UE. Based on the PPP, the ABSs in tier k that can successfully connect the typical UE are uniformly distributed within a disc b k (o k , r k ) centered at o k = (0, 0, h k ). The radius of the disc, r k , can be derived based on the channel model (3), as will be revealed in Section III. We note that the transmit power P k and the receiving signal threshold ρ c can jointly impact the performance of the considered multi-tier UAV networks. For example, the maximum distance between UAV and UEs, which impacts the connectivity of UAV networks, will be limited by the receiving signal threshold and the transmit power. Moreover, a higher transmit power P k at UAVs will enable a large access region but leads to more interfering UAVs competing for the allocated spectrum. This reduces the signal-to-interference-plus-noise-ratio (SINR) and the coverage for UAV communication. Therefore, the joint impact of the transmit power and the receiving signal threshold on coverage and connectivity should be investigated in detail, which is the aim for the rest of this paper. The key notations used in this paper are listed in Table 1 .
III. COMMUNICATION DISTANCE DISTRIBUTION
In this section, we first derive the maximal distance within which the ABSs can successfully connect to the UEs. Then we characterize the probability distribution of the distance between the closest ABS in the k-th tier of the UAV networks and the ground UEs.
A. MAXIMAL COMMUNICATION DISTANCE
For the UAVs in tier k with height h k , the maximum communication distances to the typical UE U 0 are calculated for LoS and NLoS propagation channels separately. When the ABS located at m i,k transmits in LoS channels, the receiving signal power at the typical UE is given as
Since U 0 is located at the origin, thereafter we simply denote L L (x, o) and L N (x, o) as L L (x) and L N (x), respectively. In order to activate the receiver circuit, the average receiving power P r should exceed the receiving threshold ρ c , i.e.,
where cos (π/2 − θ ) = h k / m i,k according to Fig. 3 . Therefore, the maximal communication distance for the kth tier ABSs under LoS transmission is
Given the flying height of the ABSs in tier k, h k , the radius of the disc of ABSs in tier k that can activate U 0 is further derived as
Similarly, the maximal communication distance and radius for the kth tier ABSs under NLoS transmission are given as
That is, the ABSs implementing LoS and NLoS communications to the UE may occupy different (though overlapping) regions. Therefore, the performance of LoS and NLoS communications should be evaluated separately.
We note that, constrained by the maximal transmit power of UAVs, P max , a maximal transmission height, h max , also exists for the ABSs. If the height of UAVs in tier k exceeds the maximal transmission height, i.e., h k > h max , any UAV in this tier cannot successfully transmit signals to the typical UE. Based on (7) and (8), the maximal transmission height in tier k under LoS and NLoS communications can be obtained as
Note that the maximal transmission height is independent of the directivity factor of directional antenna, m. This is because the maximal transmission height appears when the ABS is located at the center of disc b k . In this case, the elevation angle is θ = π/2 and the maximal antenna gain A er is achieved independent of the directivity factor m.
B. DISTRIBUTION OF COMMUNICATION DISTANCE
Recall that, in tier k, only the ABSs located within disc b k can successfully communicate with the typical UE. The communication distance between the ABSs and the UE under LoS and NLoS communication, denoted by random variables D L k and D N k , have the following probability density functions (PDFs)
and
where r L k , r N k , m L k , and m N k are given in (6)- (8) . Note that (10) and (11) can be obtained similar to Lemmas 1 and 2 in [28] , which conclude that a given number of UAV nodes uniformly distributed within a finite region follow a binomial point process (BPP).
Lemma 1: Based on the maximal transmission distance and the uniform location distribution of UAVs in tier k, the average number of ABSs implementing LoS and NLoS communications are given as (12) and
Proof: Recall that the UAV with elevation angle θ can implement LoS communication with probability given in (2) .
The elevation angle can be expressed as θ = arctan h k d , where d is the distance between UAV in tier k and o k . The number of UAVs in tier k implementing LoS communication is then given by
where φ k is the angle subtended by line from the ABS to o k and the x-axis in disc b k , and is uniformly distributed within [0, 2π ]. The UAVs failing to implement LoS communication will communicate under NLoS condition. The number of UAVs in tier k implementing NLoS communication is
which complete the proof. The typical UE is associated with the ABS providing the maximal average receiving power. As all UAVs in tier k employ the same transmit power P k , the ABS in tier k having the closest distance will provide maximal average receiving power for the typical UE. This motivates us to derive the probability distribution of the closest distance between ABSs in tier k and the typical UE and the result is included in the following lemma.
Lemma 2: The PDF of the closest distance between the ABS in tier k and the typical UE under LoS transmission is
where E n L k is the average number of UAVs in tier k implementing LoS communication as given in (14) .
Proof: For the ABSs in tier k having the closest distance, the cumulative distribution function (CDF) of the closest distance to the typical UE is obtained as
The PDF can obtain from the derivation of (17) as
Similarly, the PDF of the closest distance between the ABSs in tier k and the typical UE under NLoS transmission can be obtained as
IV. CONNECTIVITY AND ASSOCIATION PROBABILITIES OF UAV NETWORKS
In the considered UAV networks, the ground UE can connect with an ABS provided its receiver circuit can be activated by the ABS. Meanwhile, according to the association policy, the ground UE will associate with the ABSs in any tier that provide the maximum average receiving power. In this section, we will analyze the connection and association probabilities for the considered multi-tier UAV networks.
A. CONNECTIVITY PROBABILITY OF UAV NETWORKS
Based on the analysis in Section III, the typical UE can connect to the considered UAV networks if and only if there exists k ∈ {1, . . . , K } such that at least an ABS in tier k is located within disc b k . On the contrary, for ABSs spatially distributed according to a PPP, the probability that ABSs in tier k cannot connect with the typical UE, which is given by P { i ∩ b i = φ, ∀i = 1, . . . , K }, can be characterized in Lemma 3. Lemma 3: The probability that the typical UE cannot connect with UAV networks is
Proof: The typical UE cannot connect with the ABSs in tier k if and only if it can neither connect with the ABSs implementing LoS nor NLoS communication, i.e.,
Since b k,L and b k,N have the same center o k , b k,L and b k,N would overlap with each other. Moreover, as
Consequently, the typical UE cannot connect with the ABSs if all ABSs in tier k are located outside the circle b k,L . Thus, the probability that the typical UE cannot connect with the ABSs implementing LoS communication in tier k is
As the point processes of ABSs in different tiers are independent of each other, we have
which complete the proof. Based on Lemma 3, the probability that the typical UE can connect with the K -tier UAV networks is
From (24) we observe that the directivity of directional antenna, m, highly impacts the connection probability of the ground UEs. It can be further proved that the probability of UE connecting UAV networks decreases with m. This is because, by utilizing directional antennas, the radius r k of b k will decrease with m and more UAVs are located out of b k . Therefore, by employing directional antennas, the region where UAVs can successfully connect with the UE will reduce and less ground UEs can communicate with the UAV networks.
B. ASSOCIATION PROBABILITY OF UAV NETWORKS
When the typical UE can connect with the UAV networks, it will associate with the serving ABS providing the maximal average receiving power. The probability that the typical UE is associated with the ABS in tier k under LoS communication, denoted as P A L = k , is given in the following theorem.
Theorem 1: Under LoS communication, the typical UE will be associated to the ABSs in tier k with a probability given as
Proof: As the UAVs can implement both LoS and NLoS communications, the associated ABS in tier k for serving the typical UE has to satisfy two independent conditions. For association with the ABSs under LoS transmission, the serving ABS has to provide the maximal average receiving power among all ABSs. Meanwhile, the receiving power from the serving ABS has to exceed that from all ABSs under NLoS transmissions. Let R be the closest distance between the UAVs in tier k and the typical UE. We have
As the ABSs implement LoS and NLoS communications independently, we can calculate (26) as
where f R (r) has been obtained in (16) . Theorem 1 can be proved by Substituting (16) into (27) .
Under NLoS transmission, the probability of association to the ABS in tier k can be similarly obtained as
Let X k be the distance between the typical UE and its serving ABS when the typical UE is associated with the ABS in tier k. Recall that the ABSs which can connect to the typical UE must be located within disc b k . Given the location distribution of ABSs in tier k, cf. Lemma 2, the PDF of X k can be derived in the following theorem. Theorem 2: Under LoS transmission, the PDF of X k , the distance between the typical UE and its serving ABS in tier k, is given as
Proof: Let R k be the distance between the typical UE and its serving ABS. Under the condition that the associated ABS is located in tier k and has LoS communication with the UE, we have
with
Moreover, substituting (25) into (30), we have
Finally, Theorem 2 can be proved be taking
Meanwhile, under the condition that the serving ABS with LoS transmission is in tier k and has distance R k to the UE, other ABSs in the UAV networks will interfere the desired signals due to the full spectrum reuse among the ABSs. The receiving interference power at the typical UE caused from other interfering ABSs should be less than the receiving power from the serving ABS. Define X I ,j as the distance between the typical UE and an interfering ABS in tier j. The PDF of X I ,j can be described in the following lemma..
Lemma 4: Given that the serving ABS is located in tier k at a distance of R k , the PDF of the distance between the typical UE and interfering ABS in tier j, X I ,j , with LoS transmission is
Proof: As the distance between the typical UE and the serving ABS in tier k is R k , the distance from the interfering ABS in tier j to the UE should satisfy
We obtain that X I ,j >
which completes the proof.
Similarly, the PDF for the distance between the typical UE and an interfering ABS in tier j, X I ,j , with NLoS transmission is
V. ANALYSIS OF COVERAGE PROBABILITY
Based on the association probability in Section IV, we can further derive the coverage probability of the K -tier UAV networks. For this purpose, we first have to derive the Laplace transform of the aggregated interference power caused from the interfering ABSs. Based on the distance distribution of the serving ABS and interfering ABSs, the total coverage probability of the K -tier UAV networks, P c , can be calculated as
where P L (A = k) ( P N (A = k) ) is the coverage probability conditioning on that the serving ABS is in tier k and has LoS (NLoS) transmission. A L k and A N k are the association probabilities that the serving ABS in tier k has LoS and NLoS transmissions, respectively.
Given that the distance from the serving ABS in tier k with LoS or NLoS transmission is R k,o , the signal-to-interference ratio (SIR) at the typical UE can be given as
where I L and I N are aggregated interference powers from interfering ABSs under LoS and NLoS transmissions, respectively. Based on [34] , the coverage probability P L (A = k) can be defined as
where T is the SIR threshold for downlink transmission. Moreover, given that the distance of the serving ABS is R, the Laplace transform of interference power with LoS transmission, I L , is given in the following Lemma. Lemma 5: Given that the serving ABS with LoS transmission is located at a distance of R away from the typical UE, the Laplace transform of the interference power, I L , is given as 
Proof: The Laplace transform of the interference power, I L + I N , can be derived as
(43) Herein, the Laplace transform of the interference power caused by ABSs with LoS transmission is given in (44), as shown at the top of the next page. Moreover, the interference power caused from ABSs with NLoS transmission has the following Laplace transform,
where U L N ,j is the set of interfering UAVs implementing NLoS transmission in tier j. Substituting (44) and (45) into (43), we can obtain (40), which completes the proof.
Similarly, given that the serving ABS with NLoS transmission has distance R, the Laplace transform of the interference power, I L + I N , is 
Based on(40) and (46), the coverage probability of the K -tier UAV networks can be obtained in the following theorem. Theorem 3: The total coverage probability of the K -tier UAV network, defined as P c = n k=1 (P L (A = k)A L k + P N (A = k)A N k ), cf. (37) , can be obtained by substituting
are given in (22) and (25), respectively. Proof: The coverage probability of the typical UE associated with the serving ABS under LoS transmission in tier k can be calculated as
where f R L k (r) is given in Lemma 3. Moreover, we have
where (a) follows from Lemma 6 in [34] and η = m 0 (m 0 !) (1/m 0 ) . Similarly, we have
Based on Lemma 5 and (46), Theorem 3 can be thus proved. 
VI. NUMERICAL AND SIMULATION RESULTS
In this section, we evaluate the performance of a two-tier UAV network, where the ABSs in tier 1 and 2 are located at heights h 1 and h 2 , respectively. Unless otherwise specified, the simulation parameters are set according to Table II . We present both analytical and simulation results, where Monte Carlo simulations are employed to validate the analytical results obtained in Sections III-V. Thereby, the horizontal locations of UAVs and UEs are randomly generated in a large plane and the height of UAVs in each tier is set based on the empirical data from Qualcomm [35] . We simulate 10 4 spatial realizations for the locations of ground UEs and UAVs. For each spatial realization, the locations of the ground UEs and UAVs are fixed, which enables us to obtain the empirical connection and coverage probabilities. The final results are gathered by averaging over all simulation realizations. We note that Monte Carlo simulations have been widely adopted to evaluate performance and validate analytical derivation for cellular networks and UAV networks [29] , [36] , [37] .
A. CONNECTION PROBABILITY OF THE UAV NETWORK Fig. 4 shows the connection probability of the considered UAV network as a function of the height of the first-tier ABSs when different receiving thresholds are employed at the ground UEs. From Fig. 4 we observe that the Monto Carlo simulation results are in a good match with the analytical results, implying that the derivations in Section III are valid. As the height of the first-tier ABSs increases in the small value regime, the connection probability increases quickly before it saturates. This result is due to the high directivity of directional antenna. In particular, the ABSs at a low height would transmit signal over the sidelobe of the generated beam, resulting in only small antenna gain. In this case, the connection probability of the UAV network is small. As the ABSs's height increases, the connection probability of the UAV networks improve as more UEs receive signal from the main lobe of the UAVs such that the associated antenna gain increases. On the other hand, we also observe from Fig. 4 that, after the flying height exceeds a limit, e.g., 1300 m for receiving threshold ρ u = 40 dBm, the connection probability quickly drops to zero. This is consistent with our derivations of the maximum flying height in Section III. In particular, due to the receiving threshold of the typical UE and the maximum output power of the ABSs, only ABSs within a given flying height can activate the receiving circuit at the UEs. Consequently, the region where ABSs can overcome the path loss to a UE shrinks when the height of the ABSs increases and further vanishes when the flying height of the ABSs exceeds h L max . In the latter case, the connection probability of the UAV network decreases quickly. Fig. 5 evaluates the connection probability of the considered UAV network as a function of the antenna's directivity factor when the ABSs adopt different flying heights. From Fig. 5 we observed that, for directional antennas, the connection probability decreases with the antenna's directivity factor. This is because the main lobe of the generated directional beam shrinks as the directivity factor increases. Consequently, a UE has to communicate with the ABS via the side lobe with a high probability, which reduces the connection probability. In contrast, for omni-directional antennas with m = 0, the connection probability is always close to 1 for the considered simulation setup. Moreover, by employing directional antenna, it is interesting to observe that the ABSs flying at a large height can provide a high connection probability, espcially when the directivity factor is large. This is because, as the flying height increases, only the ABSs close to the top of their served UEs can successfully connect with the UEs. Although a high directivity factor leads to a disc of small the radius, the large antenna gain enables ABSs to connect with the UE at large height. This result implies that the UAV network employing highly directive antennas is suitable to fly at a large height provided it is within the limit of the flying maximum height. Fig. 6 we observe that the connection probability of the considered UAV network decreases with the receiving threshold of the UE. However, as the directivity factor of antenna elements increases, the connection probability tends to decrease with the receiving threshold at a slower rate. This is because the radius of the disc decreases with the directivity factor; consequently, fewer ABSs can successfully connect with the ground UEs using their transmit output power. In the large regime of the receiving threshold, the connection probability of UAV network decreses sharply and approaches 0. In the latter case, the ground UE cannot connect to the UAV network. This is because the maximal transmission height decreases with the receiving threshold. Consequently, more ABSs at large flying heights will fail in signal transmission until, when the receiving threshold of ground UEs is large enough, none of the ABSs can successfully connect with the ground UEs. Fig. 7 shows the total coverage probability as a function of the flying height of the first-tier ABSs when the ground UEs employ different receiving thresholds. From Fig. 7 we observe that there exists an optimal flying height that achieves the maximal coverage probability. This is because by employing directional antennas, the radius of disc b k increases with the height of the ABSs such that more ABSs can serve the UEs. When the flying height of the ABSs is low (e.g. 100 m < h 1 < 200 m), the radius of the disc is small such that few ABSs can successfully activate the ground UE. As the flying height of the ABSs increases, the disc of radius as well as the connection probability of the UAV network improves. Nevertheless, as the number of interfering ABSs also increases with the radius of the disc, the coverage probability deteriorates. Therefore, a tradeoff between the connection probability and the coverage probability exists when employing directional antenna in UAV networks and the maximal coverage probability of the UAV networks is achieved at the optimal flying height by balancing between signal enhancement and interference mitigation. From Fig. 7 we also observed that the coverage probability decreases quickly for large receiving thresholds of the ground UEs. This is because, by adopting large receiving thresholds, the distances between the ground UEs and their serving ABSs decrease. Consequently, the ABSs at a large flying height have to overcome the large path loss, which reduces the coverage probability of the UAV network. Fig. 8 shows the coverage probability as a function of the SIR threshold for different densities of UAVs. From Fig. 8 , we observe that the coverage probability decreases with the SIR threshold. Similar results for a two-tier terrestrial cellular network have been reported in [38] . We note that, in the same SIR threshold regime, the coverage probability of the considered two-tier UAV network is always larger than that of the two-tier cellular network considered in [38] . This is because the directional antenna provides additional antenna gains to overcome the path loss and, at the same time, reduce the impact of interfering ABSs. Moreover, as the density of the ABSs increases, the coverage probability decreases due to the increased number of interfering ABSs. Fig. 9 compares the coverage probability of the considered two-tier UAV network with the baseline one-tier UAV network as considered in [28] . For both networks, the coverage probability is evaluated as a function of the SIR threshold for deploying the UAVs at different flight heights, where the path loss exponent is α N = 2.5. It can be seen from Fig. 9 that the coverage probabilities of the considered UAV networks shows the same tendency, which decreases with the SIR threshold. However, the proposed two-tier UAV network with directional antenna always outperform the baseline UAV network for the considered SIR thresholds.
B. COVERAGE PROBABILITY OF THE UAV NETWORK
Finally, Fig. 10 shows the coverage probability as a function of the antenna's directivity factor for different path loss exponents under NLoS transmission. From Fig. 10 we observe that, for directional antennas, the coverage probability increases with the antenna's directivity factor, as the antenna gain of the serving ABSs enlarges. When the directivity factor is high enough, the radius of the disc reduces. In this case, both the serving ABS and the interfering ABSs are located close to the center of the disc and the number of interfering ABSs reduces. Consequently, the SIR increases with the directivity factor of antennas and application of directional antennas leads to much higher coverage probability than that of omni-directional antennas. From Fig. 10 we also observe that, with a large pass loss exponent, the UAV network can obtain a high coverage probability. This result implies that UAVs equipped with directional antenna can achieve high coverage probability even for propagation scenarios of large path loss.
VII. CONCLUSION AND FUTURE WORK
This paper developed a novel analytical framework for evaluating the distance distribution, connectivity probability, and coverage probability of K -tier UAV networks that employ directional antennas. To facilitate a tractable performance analysis, we introduced a simple elevation angle based antenna pattern model to capture the antenna gain provided by directional antennas. It was revealed that the directivity factor can highly impact the connection probability, especially when the UAVs deployed at low flying heights have a large elevation angle. However, the coverage probability of K -tier UAV networks can be enhanced by adopting directional antennas as the interference power caused from other ABSs reduced. Both the analytical and simulation results showed that the application of directional antennas for UAVs at large flying heights can provide excess antenna gain to overcome the propagation pass loss and, at the same time, mitigate the impact of interfering UAVs. These results demonstrated the huge potential of employing directional antennas to enhance the performance of multi-tier UAV networks. In the future, the application of directional antenna for uplink communication and the associated performance evaluation of multi-tier UAV networks in the uplink are interesting extensions of this work. Moreover, selecting the optimal directivity factor of directional antennas for given density and flying height of UAVs is another compelling research direction.
